2.6 Linear dependence and linear independence from the point of view of homogeneous
systems of linear equations.

0. Assumed background.

e 1.6 Linear dependence and linear independence.

e 2.4 Solving systems of linear equations.
Abstract. We introduce:—

« a method for systematically determining whether several given column/row vectors are linearly dependent or
linearly independent, and finding a non-trivial linear relation when they are linearly dependent.

1. Recall the definition for the notions of linear dependence and linear independence for column vectors:

Let ui,uy, - - ,u, be column vectors with p real (or complex) entries.

(a) We say that uy,ug,--- ,u, are linearly dependent over the real (or complex) numbers if and only if
the statement (LD) holds:

(LD) There exist some real (or complex) numbers aq,aa,- -+ ,aq such that aqus + agus + - -+ + aguy = 0, and
ay, Qg, -, Qg are '
The equality ayuy + asug + - -+ + agu, = 0, in which aq,aq,--- , a4 are not all zero is called a non-trivial
linear relation of u;,uy, - ,u,.
(b) We say that ui,us,--- ,u, are linearly independent over the real (or complex) numbers if and only if

the statement (LI) holds:

(LI) For any real (or complex) numbers aj, g, - ,qq, if @yu; + agua +---+aqu, =0, thena; =g = -+ =
——
ag = 0.
'_\

Remark. For simplicity of presentation, we will omit the explicit reference to ‘real numbers’ or ‘complex numbers’.
As long as we are consistently thinking in terms of either types of numbers throughout, everything result and
argument will work out fine.

2. Recall the result below, labelled Lemma (#), which provide a re-formulation for the respective notions of linear
dependence and linear independence in terms of homogeneous system of linear equations.
Lemma ().
Suppose uy, ug, - - -, uq are column vectors with p entries, and U is the (pxq)-matrix given by U = [ w1 [ uz | --- | ug |.
Then:— ) 2,\

(a) The statements (LD), (LDy) are logically equivalent:— C\'JB’T\]/)&‘/(Q A Wr

(LD) i, uy, -+, u, are linearly dependent.

2
(LDy) The homogeneous system LS(U, 0,) has some non-trivial solution. T hm ( }
: : . (
(b) The statements (LI), (LIy) are logically equivalent:— [~ ( 606" a !
(LI) ui,ug,--- ,uy are linearly independent.

(LIy) The homogeneous system LS(U, 0,) hWA

3. Combined with what we have learnt about (reduced) row-echelon forms and homogeneous systems of linear equations,
Lemma (4) yields the result below.

u Y1 S
Theorem (1). phvk', I{ “ir heda Ve Ul Ul
Suppose p < g, and ui,us,--- ,uy are column vectors with p entries. Holr NS ‘tMn
gfi p
Then uy,ug,--- ,uy are linearly dependent.
é\af-vbj enesvy Lyvesh”
Remark. In plain words, Theorem (1) says that:— the

. ‘t)
any p + 1 or more column vectors with p entries are definitely linearly dependent. ?LCLS P~ @/'\/‘CV( Sy Vj

4. We very often like to re-formulate Theorem (1) in the form of Theorem (2), with a purely logical consideration.
Theorem (2). (Corollary to Theorem (1).) ng Thm (Yl (/"(Il,) tin Sty 1.9
The statements below hold:

(a) For each positive integer k, any p + k column vectors with p entries are linearly dependent.
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(b) Let vq,va,---, vy be column vectors with p entries. Suppose v1,va,--- ,v, are linearly independent.
Then ¢ < p.

Remark. After introducing the notions of basis and dimension, we can generalize Theorem (1) and Theorem (2).

5. Proof of Theorem (1).
Suppose p < g, and u, us,- -+ ,u, are column vectors with p entries.
Define the (p x ¢)-matrix U by U =] uy |uz | --- | uq |.
There is some reduced row-echelon form U’ so that U’ is row-equivalent to U.
U’ is an (p x q)-matrix. Then there are at most p non-zero rows in U’, and also at most p pivot columns in U’.
Therefore, since p < ¢, there is at least one free column in U’.
Hence LS(U’, 0,) has a non-trivial solution. And so does LS(U, 0,).

Therefore, by Lemma (f), ui,us,--- ,u, are linearly dependent.

6. Question.

Suppose some column vectors are given to us in ‘concrete’ terms.

ow to determine whether uj,us, - -- ,u, are linearly dependent or linear independent?

Answer to the question.

Combined with what we have learnt about solving systems of linear equations, Lemma () and Theorem (1) suggest
the algorithm described below for determining whether they are linearly dependent or linearly independent.

‘Algorithm’ associated to Lemma () and Theorem (1).

Let uj,ug,--- ,u, be column vectors with p entries.
We are going to determine whether u;,us,--- ,u, are linearly dependent or linearly independent, and to obtain a
non-trivial linear relation amongst uy, ug, - -- ,u, when they are linearly dependent:

Step (0). Aski— £on
It true thatp <7 Q1% th mwaber pf Wk b of Gt

o If yes, conclude that u;, ug, - - - , u, are linearly dependent. To obtain a non-trivial relation amongst u;, us,--- , u,
go directly to Step (ZI);\/T‘—/‘ L[] O
b L3¢ fut (w) O

o If no, proceed to Step (1).

Step (1). Form the matrix U =[ u; | uz | --- | ug ]. Go to Step (2).
~—— —

Step (2). Obtain some row-echelon form U# which is row equivalent to U. Go to Step (3).
Step (3). Inspect U*, and ask:—
Is there some free column in U*?

e If no, conclude that the homogeneous system L£S(U, 0) has no non-trivial solution.

Further conclude that uy,uy,--- ,u, are linearly independent.

o If yes, conclude that the homogeneous system L£S(U, 0) has some non-trivial solution.

Further conclude that -+, u, are linearly dependent.

To obtain a non-trivial linear relation amongst uy, ug,- - ,uy, go to Step (4).
Step (4). Further obtain from U*, (or directly from U,) a Tedtuced Tow-echelon form U’ ywhich is row-equivalent
to U. e
o I\
(eh] ! y N
Read off from U’ a non-trivial solution of LS(U, 0,), say, | . |. "(’J] m (37 N Seefon L”
ay

Conclude that aju; + agug + - - - + aguy = 0,. This is a non-trivial linear relation amongst uy, ug, - - - , uy.
S ——— —

7. Example (1). (Illustrations on the algorithm associated to Lemma () and Theorem (1).)
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=7 —6 —12
(a) Letu1:l5],u2:[5],u3:[7 ]
1 0 4

We want to determine whether uj, us, ugz are linearly dependent or linearly independent, and to write down a
non-trivial relation amongst Uy, us,us when they are linearly dependent.

Define U =[ uy | uz | us |.

We obtain a row-echelon form U* which is row equivalent to U:

U=

OO
oo

-7 -6 -12
5 5 7 e — Uﬁ —
1 0 4

|
l\Dwrlk
I

There is no free column in U*.
Therefore the homogeneous system L£S(U, 03) has no non-trivial solution.

Hence uy, usy, ug are linearly independent.

0 1 -2
(b) Letuy = |—1| ,up = |—2| ,uz =
2 7

3
—12

We want to determine whether uj, us, ug are linearly dependent or linearly independent, and to write down a

non-trivial relation amongst Ui, us,us when they are linearly dependent.

Define U =[ uy | uz | us |.

We obtain a row-echelon form U* which is row-equivalent to U:

U:

0 1 -2
-1 -2 3 S Ut =
2 7T =12

Note that the 3-rd column of U is a free column.
Therefore LS (U, 03) has some non-trivial solution.

Hence uy, us, us are linearly dependent.

(What is done next is to obtain a non-trivial linear relation amongst these vectors.)

We further obtain from U* a reduced row-echelon form U’ which is row-equivalent to U:

1 0 1
U= 01 -2 |.
0 0

2 7T —12 0

0 1 -2
-1 -2 3 — e _>Uﬁ_> ......... U =

U’ is the coefficient matrix of the homogeneous system

T + 3 = 0
Tro — 23?3 = 0
0 = 0

-1
Therefore a non-trivial solution of LS(U, 03) is given by [ % ] .

Hence a non-trivial linear relation amongst uj, us, us is given by —1 - u; 4+ 2us + 1 - ug = 0s.

2 1 2 —6

-1 2 1 7
(¢) Letuy; = | 3 [,ua=|—=1]|,us=|-3|,uys = |—-1].

1 5 6 1

2 2 1 1

We want to determine whether uy, us, us, uy are linearly dependent or linearly independent, and to write down
a non-trivial relation amongst ui, us, us, Uy when they are linearly dependent.

Define U =[ uy |uz |uz | ug .

We obtain a row-echelon form U* which is row equivalent to U:

2 1 2 -6 1 3 3 1
-1 2 1 7 01 -1 7
U = 3 -1 -3 -1 — S e _>Uu: 0 0 1 3
1 5 6 1 00 0 4
2 2 1 1 00 0 O

There is no free column in U*.
Therefore the homogeneous system L£S(U, 04) has no non-trivial solution.
Hence uy, us, us, uy are linearly independent.



2 1 2 —6

—1 2 1 7
(d) Letu; = | 3 |,us=|[—-1|,uz3=|-3|,uyu=|—1
1 ) 6 0
2 2 1 1

We want to determine whether uy, us, us, uy are linearly dependent or linearly independent, and to write down
a non-trivial relation amongst uy, us, ug, uy when they are linearly dependent.

DeﬁneU:[ul\uz\u;;\w; ]

We obtain a row-echelon form U* which is row equivalent to U:

2 1 2 -6 1L 56 0
-1 2 1 7 01 1 1
U = 3 -1 =3 =1 ey _>Uu: 0 01 -3
1 5 6 0 000 O
2 2 1 1 00 0 O

Note that the 4-th column of U* is a free column.
Therefore LS(U, 04) has some non-trivial solution.

Hence uy, us, us, uy are linearly dependent.

(What is done next is to obtain a non-trivial linear relation amongst these vectors.)

We further obtain from U* a reduced row-echelon form U’ which is row-equivalent to U:

1 0 0 =2
01 0 4
U— it — Uu S U = 0 0 1 -3
0 00 O
0 00 O
U’ is the coefficient matrix of the homogeneous system
T — 2.%‘4 = 0
T2 + 4ry, = 0
r3 — 3564 = 0
0 =0
0 =0
2
Therefore a non-trivial solution of LS(U, 04) is given by _34
1
Hence a non-trivial linear relation amongst uy, us, us, uy is given by 2u; — 4uy + 3uz + 1 - uy = 0.
1 1 1 1 1 1
2 3 2 4 8 2
(e) Letu; = |3|,ua=|5|,uz=[4|,us=|9|,us=|[27|,ug=1| 6
4 7 8 16 64 24
5 9 16 25 125 120

We want to determine whether uy,us,us, Uy, us, ug are linearly dependent or linearly independent, and to
write down a non-trivial relation amongst ui, us, Us, Uy, Us, Ug when they are linearly dependent.

As uy,us,usz, uy, us, ug are six column vectors each with five entries, they are linearly dependent.
(What is done next is to obtain a non-trivial linear relation amongst these vectors.)
DeﬁneU:[lh‘llz‘llg‘ll;;‘llg,‘ll@ ]

We obtain a reduced row-echelon form U’ which is row equivalent to U:

11 1 1 1 1 10 00 0 =70
2 3 2 4 8 2 01 00 0 8
U=|13 5 4 9 27 6 e —U' =10 01 0 0 53
4 7 8 16 64 24 00 0 1 0 17
5 9 16 25 125 120 00001 -7

U’ is the coefficient matrix of the homogeneous system

1 — 70z = 0
To + + 8x¢ = 0

I3 + 53.1'6 = 0

T4 + 17z¢ = 0

s — 7{E6 = 0



70

-8
Therefore a non-trivial solution of LS(U, 04) is given by :?% .
7
1
Hence a non-trivial linear relation amongst ui, us, us, uy, us, ug is given by 70u; — 8us + 53uz — 17uy + 7us +

1- Ug = 05.
8. Lemma (f) and Theorem (1) give rise to the results below respectively, which cover the situation for row vectors.

Lemma (f*).

Wi
W

Suppose W1, W3, -+ , W, are row vectors with g entries, and W is the (p X q)-matrix given by W =
—_—

Then:— [ { " Z )

(a) The statements (LD), (LD*), (LD{) are logically equivalent:—

(LD) The row vectors wi,Wa, - , W, are linearly dependent. )
(LD*) The column vectors Wi, wb,--- ,w}, are HI]G&%Y dependent. ~ .
(LDg) The homogeneous system E}S’w%‘ sotfe non-trivial solution.
(b) The statements (LI), (LI*), (LI}) are Iogicm 3
(LI) The row vectors wi,wa,--- , W, are linearly independent.
(LI*) The column vectors wi,w},--- ,wl are linearly independent. Hrous o H
(LI}) The homogeneous system LS(W?, 0,) has no non-trivial solution. A‘P”W ‘t(/\(/ p
Theorem (1*). LS ( ]/\ftlat ] Wt’ @ X }7) hedriy thate Z/imﬂll-vwrw
Suppose p > g, and Wi, Wa, - , W, are row vectors with q entries. %

Then wi,ws, -+ , W, are linearly dependent. j( _
P trene, ew bowe M cmlcn WS e ({Af) = A

p7
9. Lemma (f*) and Theorem (1*) iélf%{_gkgé ow we can adapt the algorithm for defermining whether some given
column vectors are linearly dependLnt or linearly independent et cetera to the situation of row vectors.

Example (2). (Illustrations on the application of Lemma (f*) and Theorem (1%).

(a) Letwy=[1 1 2 1 3],we=[2 3 6 1 2], wg=[2 3 5 1 1], wy=[4 5 6 3 4]
We want to determine whether wi,ws, W3, Wy are linearly dependent or linearly independent, and to write
down a non-trivial relation amongst w1, wo, W3, W4 when they are linearly dependent.

w1

W

W3

Wy

Define W =

, and write U = W?.

We obtain a row-echelon form U* which is row-equivalent to U:

1 2 2 4 1 2 2 4
1 3 3 5 01 1 1
U=1]12 6 5 6 [ — . ccvcvn.. —sut=1]10 0 1 4
1 1 1 3 00 0 0
3 2 1 4 00 0 O

Note that the 4-th column of U? is a free column.

Therefore LS(W?, 05) has some non-trivial solution.

Hence wi, wo, w3, wy are linearly dependent.

(What is done next is to obtain a non-trivial linear relation amongst wi, wo, w3, wy.)

We obtain a reduced row-echelon form U’ which is row-equivalent to U:

-
-
=
<
Il
coocor
cooro
cor~oo
|
cow lw

U’ is the coefficient matrix of the homogeneous system
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xr1 + 2x4 = 0
T2 — 3564 = 0
r3 + 4dxy = 0
0 =0
0 =0
-2
A non-trivial solution of LS(W?, 05) is given by _34 .
1

Hence a non-trivial linear relation amongst wq, wa, wg, wy is given by —2w; + 3wy — 4wz + 1 - wy = 0.
(Here 0% stands for the zero vector with five entries.)

Letwi=[1 -1 3 2 1] wy=[2 -1 4 3 3], wzg=[-5 3 —-10 -8 —4]
wy=[15 =9 31 25 13].

We want to determine whether wy,ws, w3, wy are linearly dependent or linearly independent, and to write
down a non-trivial relation amongst w1, Wy, W3, W4 when they are linearly dependent.

)

Wi
W2
W3
Wy

Define W = , and write U = W?.

We obtain a row-echelon form U* which is row-equivalent to U:

1 2 -5 15 1000
1 -1 3 S9 010 0
U=| 3 4 =10 31 | — ... —Uf=]0 0 1 0
2 3 =8 25 0 0 01
1 3 -4 13 0 0 0 O

There is no free column in U*.

Therefore the homogeneous system LS(W?!, 05) has no non-trivial solution.

Hence w1, wso, w3, wy are linearly independent.

Letw;=[1 0 1 0 1],wo=[0 1 1 1 O0],wg=[1 1 0 1 1], wy=[1 0 -1 1 -1
ws=[0 4 6 2 4].

We want to determine whether w1, wWo, W3, Wy, W5 are linearly dependent or linearly independent, and to write
down a non-trivial relation amongst w1, wo, W3, Wq, W5 when they are linearly dependent.

)

w1
W2
Define W = | w3z |, and write U = W*.
Wy
W5

We obtain a row-echelon form U* which is row-equivalent to U:

101 1 0 101 1 0
011 0 4 01 10 4
U=|11 0 =1 6 | —-cevnvnr. —sUft=100 1 1 -1
011 1 2 00 0 1 =2
1 01 -1 4 0000 O

Note that the 5-th column of U? is a free column.

Therefore LS(W?, 05) has some non-trivial solution.

Hence wq, wo, w3, wy, ws are linearly dependent.

(What is done next is to obtain a non-trivial linear relation amongst wi, wo, w3, Wy, ws.)

We obtain a reduced row-echelon form U’ which is row-equivalent to U:

10 0 0 1
01 0 0 3
U— it _>Uﬁ_) ......... U = 0 01 0 1
0 001 =2
0 0 00 O

U’ is the coefficient matrix of the homogeneous system
X1 r5 =

31’5
L5
21’5

€2
zs3

|+ + +

SO O OO

L4



-1
-3
A non-trivial solution of LS(W*, 05) is given by |—1
2
1
Hence a non-trivial linear relation amongst wy, Wo, W3, Wy, Wy is given by —w; —3wgy —ws+ 2wy +1-ws5 = Og.

(Here 05" stands for the zero vector with five entries.)



