
kXe GBM2�` /2T2M/2M+2 �M/ HBM2�` BM/2T2M/2M+2 7`QK i?2 TQBMi Q7 pB2r Q7 ?QKQ;2M2Qmb
bvbi2Kb Q7 HBM2�` 2[m�iBQMbX

yX �bbmK2/ #�+F;`QmM/X

Ç RXe GBM2�` /2T2M/2M+2 �M/ HBM2�` BM/2T2M/2M+2X
Ç kX9 aQHpBM; bvbi2Kb Q7 HBM2�` 2[m�iBQMbX

�#bi`�+iX q2 BMi`Q/m+2,ě

Ç � K2i?Q/ 7Q` bvbi2K�iB+�HHv /2i2`KBMBM; r?2i?2` b2p2`�H ;Bp2M +QHmKMf`Qr p2+iQ`b �`2 HBM2�`Hv /2T2M/2Mi Q`
HBM2�`Hv BM/2T2M/2Mi- �M/ }M/BM; � MQM@i`BpB�H HBM2�` `2H�iBQM r?2M i?2v �`2 HBM2�`Hv /2T2M/2MiX

RX _2+�HH i?2 /2}MBiBQM 7Q` i?2 MQiBQMb Q7 HBM2�` /2T2M/2M+2 �M/ HBM2�` BM/2T2M/2M+2 7Q` +QHmKM p2+iQ`b,
G2i u1,u2, · · · ,uq #2 +QHmKM p2+iQ`b rBi? p `2�H UQ` +QKTH2tV 2Mi`B2bX

U�V q2 b�v i?�i u1,u2, · · · ,uq �`2 HBM2�`Hv /2T2M/2Mi Qp2` i?2 `2�H UQ` +QKTH2tV MmK#2`b B7 �M/ QMHv B7
i?2 bi�i2K2Mi (LD) ?QH/b,

(LD) h?2`2 2tBbi bQK2 `2�H UQ` +QKTH2tV MmK#2`b α1,α2, · · · ,αq bm+? i?�i α1u1 + α2u2 + · · ·+ αquq = 0p �M/
α1,α2, · · · ,αq �`2 MQi �HH x2`QX

h?2 2[m�HBiv α1u1 + α2u2 + · · · + αquq = 0p BM r?B+? α1,α2, · · · ,αq �`2 MQi �HH x2`Q Bb +�HH2/ � MQM@i`BpB�H
HBM2�` `2H�iBQM Q7 u1,u2, · · · ,uqX

U#V q2 b�v i?�i u1,u2, · · · ,uq �`2 HBM2�`Hv BM/2T2M/2Mi Qp2` i?2 `2�H UQ` +QKTH2tV MmK#2`b B7 �M/ QMHv B7
i?2 bi�i2K2Mi (LI) ?QH/b,

(LI) 6Q` �Mv `2�H UQ` +QKTH2tV MmK#2`b α1,α2, · · · ,αq- B7 α1u1 +α2u2 + · · ·+αquq = 0p i?2M α1 = α2 = · · · =
αq = 0X

_2K�`FX 6Q` bBKTHB+Biv Q7 T`2b2Mi�iBQM- r2 rBHH QKBi i?2 2tTHB+Bi `272`2M+2 iQ ǵ`2�H MmK#2`bǶ Q` ǵ+QKTH2t MmK#2`bǶX
�b HQM; �b r2 �`2 +QMbBbi2MiHv i?BMFBM; BM i2`Kb Q7 2Bi?2` ivT2b Q7 MmK#2`b i?`Qm;?Qmi- 2p2`vi?BM; `2bmHi �M/
�`;mK2Mi rBHH rQ`F Qmi }M2X

kX _2+�HH i?2 `2bmHi #2HQr- H�#2HH2/ G2KK� (")- r?B+? T`QpB/2 � `2@7Q`KmH�iBQM 7Q` i?2 `2bT2+iBp2 MQiBQMb Q7 HBM2�`
/2T2M/2M+2 �M/ HBM2�` BM/2T2M/2M+2 BM i2`Kb Q7 ?QKQ;2M2Qmb bvbi2K Q7 HBM2�` 2[m�iBQMbX
G2KK� (")X
amTTQb2 u1,u2, · · · ,uq �`2 +QHmKM p2+iQ`b rBi? p 2Mi`B2b- �M/ U Bb i?2 (p×q)@K�i`Bt ;Bp2M #v U = [ u1 u2 · · · uq ]X
h?2M,ě

U�V h?2 bi�i2K2Mib (LD)- (LD0) �`2 HQ;B+�HHv 2[mBp�H2Mi,ě
(LD) u1,u2, · · · ,uq �`2 HBM2�`Hv /2T2M/2MiX
(LD0) h?2 ?QKQ;2M2Qmb bvbi2K LS(U, 0p) ?�b bQK2 MQM@i`BpB�H bQHmiBQMX

U#V h?2 bi�i2K2Mib (LI)- (LI0) �`2 HQ;B+�HHv 2[mBp�H2Mi,ě
(LI) u1,u2, · · · ,uq �`2 HBM2�`Hv BM/2T2M/2MiX
(LI0) h?2 ?QKQ;2M2Qmb bvbi2K LS(U, 0p) ?�b MQ MQM@i`BpB�H bQHmiBQMX

jX *QK#BM2/ rBi? r?�i r2 ?�p2 H2�`Mi �#Qmi U`2/m+2/V `Qr@2+?2HQM 7Q`Kb �M/ ?QKQ;2M2Qmb bvbi2Kb Q7 HBM2�` 2[m�iBQMb-
G2KK� (") vB2H/b i?2 `2bmHi #2HQrX
h?2Q`2K URVX
amTTQb2 p < q- �M/ u1,u2, · · · ,uq �`2 +QHmKM p2+iQ`b rBi? p 2Mi`B2bX
h?2M u1,u2, · · · ,uq �`2 HBM2�`Hv /2T2M/2MiX
_2K�`FX AM TH�BM rQ`/b- h?2Q`2K URV b�vb i?�i,ě

�Mv p+ 1 Q` KQ`2 +QHmKM p2+iQ`b rBi? p 2Mi`B2b �`2 /2}MBi2Hv HBM2�`Hv /2T2M/2MiX

9X q2 p2`v Q7i2M HBF2 iQ `2@7Q`KmH�i2 h?2Q`2K URV BM i?2 7Q`K Q7 h?2Q`2K UkV- rBi? � Tm`2Hv HQ;B+�H +QMbB/2`�iBQMX
h?2Q`2K UkVX U*Q`QHH�`v iQ h?2Q`2K URVXV
h?2 bi�i2K2Mib #2HQr ?QH/,

U�V 6Q` 2�+? TQbBiBp2 BMi2;2` k- �Mv p+ k +QHmKM p2+iQ`b rBi? p 2Mi`B2b �`2 HBM2�`Hv /2T2M/2MiX
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U#V G2i v1,v2, · · · ,v! #2 +QHmKM p2+iQ`b rBi? p 2Mi`B2bX amTTQb2 v1,v2, · · · ,v! �`2 HBM2�`Hv BM/2T2M/2MiX
h?2M # ≤ pX

_2K�`FX �7i2` BMi`Q/m+BM; i?2 MQiBQMb Q7 #�bBb �M/ /BK2MbBQM- r2 +�M ;2M2`�HBx2 h?2Q`2K URV �M/ h?2Q`2K UkVX

8X S`QQ7 Q7 h?2Q`2K URVX
amTTQb2 p < q- �M/ u1,u2, · · · ,uq �`2 +QHmKM p2+iQ`b rBi? p 2Mi`B2bX
.2}M2 i?2 (p× q)@K�i`Bt U #v U = [ u1 u2 · · · uq ]X
h?2`2 Bb bQK2 `2/m+2/ `Qr@2+?2HQM 7Q`K U ′ bQ i?�i U ′ Bb `Qr@2[mBp�H2Mi iQ U X
U ′ Bb �M (p× q)@K�i`BtX h?2M i?2`2 �`2 �i KQbi p MQM@x2`Q `Qrb BM U ′- �M/ �HbQ �i KQbi p TBpQi +QHmKMb BM U ′X
h?2`27Q`2- bBM+2 p < q- i?2`2 Bb �i H2�bi QM2 7`22 +QHmKM BM U ′X
>2M+2 LS(U ′, 0p) ?�b � MQM@i`BpB�H bQHmiBQMX �M/ bQ /Q2b LS(U, 0p)X
h?2`27Q`2- #v G2KK� (")- u1,u2, · · · ,uq �`2 HBM2�`Hv /2T2M/2MiX

eX Zm2biBQMX
amTTQb2 bQK2 +QHmKM p2+iQ`b �`2 ;Bp2M iQ mb BM ǵ+QM+`2i2Ƕ i2`KbX
>Qr iQ /2i2`KBM2 r?2i?2` u1,u2, · · · ,uq �`2 HBM2�`Hv /2T2M/2Mi Q` HBM2�` BM/2T2M/2Mi\
�Mbr2` iQ i?2 [m2biBQMX
*QK#BM2/ rBi? r?�i r2 ?�p2 H2�`Mi �#Qmi bQHpBM; bvbi2Kb Q7 HBM2�` 2[m�iBQMb- G2KK� (") �M/ h?2Q`2K URV bm;;2bi
i?2 �H;Q`Bi?K /2b+`B#2/ #2HQr 7Q` /2i2`KBMBM; r?2i?2` i?2v �`2 HBM2�`Hv /2T2M/2Mi Q` HBM2�`Hv BM/2T2M/2MiX
ǵ�H;Q`Bi?KǶ �bbQ+B�i2/ iQ G2KK� (") �M/ h?2Q`2K URVX
G2i u1,u2, · · · ,uq #2 +QHmKM p2+iQ`b rBi? p 2Mi`B2bX
q2 �`2 ;QBM; iQ /2i2`KBM2 r?2i?2` u1,u2, · · · ,uq �`2 HBM2�`Hv /2T2M/2Mi Q` HBM2�`Hv BM/2T2M/2Mi- �M/ iQ Q#i�BM �
MQM@i`BpB�H HBM2�` `2H�iBQM �KQM;bi u1,u2, · · · ,uq r?2M i?2v �`2 HBM2�`Hv /2T2M/2Mi,
ai2T UyVX �bF,ě
Ab Bi i`m2 i?�i p < q\

Ç A7 v2b- +QM+Hm/2 i?�i u1,u2, · · · ,uq �`2 HBM2�`Hv /2T2M/2MiX hQ Q#i�BM � MQM@i`BpB�H `2H�iBQM �KQM;bi u1,u2, · · · ,uq

;Q /B`2+iHv iQ ai2T U9VX
Ç A7 MQ- T`Q+22/ iQ ai2T URVX

ai2T URVX 6Q`K i?2 K�i`Bt U = [ u1 u2 · · · uq ]X :Q iQ ai2T UkVX
ai2T UkVX P#i�BM bQK2 `Qr@2+?2HQM 7Q`K U " r?B+? Bb `Qr 2[mBp�H2Mi iQ U X :Q iQ ai2T UjVX
ai2T UjVX AMbT2+i U "- �M/ �bF,ě
Ab i?2`2 bQK2 7`22 +QHmKM BM U "\

Ç A7 MQ- +QM+Hm/2 i?�i i?2 ?QKQ;2M2Qmb bvbi2K LS(U, 0) ?�b MQ MQM@i`BpB�H bQHmiBQMX
6m`i?2` +QM+Hm/2 i?�i u1,u2, · · · ,uq �`2 HBM2�`Hv BM/2T2M/2MiX

Ç A7 v2b- +QM+Hm/2 i?�i i?2 ?QKQ;2M2Qmb bvbi2K LS(U, 0) ?�b bQK2 MQM@i`BpB�H bQHmiBQMX
6m`i?2` +QM+Hm/2 i?�i u1,u2, · · · ,uq �`2 HBM2�`Hv /2T2M/2MiX
hQ Q#i�BM � MQM@i`BpB�H HBM2�` `2H�iBQM �KQM;bi u1,u2, · · · ,uq- ;Q iQ ai2T U9VX

ai2T U9VX 6m`i?2` Q#i�BM 7`QK U "- UQ` /B`2+iHv 7`QK U -V � `2/m+2/ `Qr@2+?2HQM 7Q`K U ′ r?B+? Bb `Qr@2[mBp�H2Mi
iQ U X

_2�/ Qz 7`QK U ′ � MQM@i`BpB�H bQHmiBQM Q7 LS(U, 0p)- b�v-





α1
α2
XXX
αq



X

*QM+Hm/2 i?�i α1u1 + α2u2 + · · ·+ αquq = 0pX h?Bb Bb � MQM@i`BpB�H HBM2�` `2H�iBQM �KQM;bi u1,u2, · · · ,uqX

dX 1t�KTH2 URVX UAHHmbi`�iBQMb QM i?2 �H;Q`Bi?K �bbQ+B�i2/ iQ G2KK� (") �M/ h?2Q`2K URVXV
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U�V G2i u1 =

[
−7
5
1

]
- u2 =

[
−6
5
0

]
- u3 =

[
−12
7
4

]
X

q2 r�Mi iQ /2i2`KBM2 r?2i?2` u1,u2,u3 �`2 HBM2�`Hv /2T2M/2Mi Q` HBM2�`Hv BM/2T2M/2Mi- �M/ iQ r`Bi2 /QrM �
MQM@i`BpB�H `2H�iBQM �KQM;bi u1,u2,u3 r?2M i?2v �`2 HBM2�`Hv /2T2M/2MiX
.2}M2 U = [ u1 u2 u3 ]X
q2 Q#i�BM � `Qr@2+?2HQM 7Q`K U " r?B+? Bb `Qr 2[mBp�H2Mi iQ U ,

U =

[
−7 −6 −12
5 5 7
1 0 4

]
−→ · · · · · · · · · −→ U " =

[
1 0 4
0 1 −3
0 0 2

]

h?2`2 Bb MQ 7`22 +QHmKM BM U "X
h?2`27Q`2 i?2 ?QKQ;2M2Qmb bvbi2K LS(U, 03) ?�b MQ MQM@i`BpB�H bQHmiBQMX
>2M+2 u1,u2,u3 �`2 HBM2�`Hv BM/2T2M/2MiX

U#V G2i u1 =

[
0
−1
2

]
,u2 =

[
1
−2
7

]
,u3 =

[
−2
3

−12

]
X

q2 r�Mi iQ /2i2`KBM2 r?2i?2` u1,u2,u3 �`2 HBM2�`Hv /2T2M/2Mi Q` HBM2�`Hv BM/2T2M/2Mi- �M/ iQ r`Bi2 /QrM �
MQM@i`BpB�H `2H�iBQM �KQM;bi u1,u2,u3 r?2M i?2v �`2 HBM2�`Hv /2T2M/2MiX
.2}M2 U = [ u1 u2 u3 ]X
q2 Q#i�BM � `Qr@2+?2HQM 7Q`K U " r?B+? Bb `Qr@2[mBp�H2Mi iQ U ,

U =

[
0 1 −2
−1 −2 3
2 7 −12

]
−→ · · · · · · · · · −→ U " =

[
1 2 −3
0 1 −2
0 0 0

]
.

LQi2 i?�i i?2 3@`/ +QHmKM Q7 U " Bb � 7`22 +QHmKMX
h?2`27Q`2 LS(U, 03) ?�b bQK2 MQM@i`BpB�H bQHmiBQMX
>2M+2 u1,u2,u3 �`2 HBM2�`Hv /2T2M/2MiX
Uq?�i Bb /QM2 M2ti Bb iQ Q#i�BM � MQM@i`BpB�H HBM2�` `2H�iBQM �KQM;bi i?2b2 p2+iQ`bXV
q2 7m`i?2` Q#i�BM 7`QK U " � `2/m+2/ `Qr@2+?2HQM 7Q`K U ′ r?B+? Bb `Qr@2[mBp�H2Mi iQ U ,

U =

[
0 1 −2
−1 −2 3
2 7 −12

]
−→ · · · · · · · · · −→ U " −→ · · · · · · · · · −→ U ′ =

[
1 0 1
0 1 −2
0 0 0

]
.

U ′ Bb i?2 +Q2{+B2Mi K�i`Bt Q7 i?2 ?QKQ;2M2Qmb bvbi2K





x1 + x3 = 0
x2 − 2x3 = 0

0 = 0

h?2`27Q`2 � MQM@i`BpB�H bQHmiBQM Q7 LS(U, 03) Bb ;Bp2M #v
[
−1
2
1

]
X

>2M+2 � MQM@i`BpB�H HBM2�` `2H�iBQM �KQM;bi u1,u2,u3 Bb ;Bp2M #v −1 · u1 + 2u2 + 1 · u3 = 03X

U+V G2i u1 =





2
−1
3
1
2



- u2 =





1
2
−1
5
2



- u3 =





2
1
−3
6
1



- u4 =





−6
7
−1
1
1



X

q2 r�Mi iQ /2i2`KBM2 r?2i?2` u1,u2,u3,u4 �`2 HBM2�`Hv /2T2M/2Mi Q` HBM2�`Hv BM/2T2M/2Mi- �M/ iQ r`Bi2 /QrM
� MQM@i`BpB�H `2H�iBQM �KQM;bi u1,u2,u3,u4 r?2M i?2v �`2 HBM2�`Hv /2T2M/2MiX
.2}M2 U = [ u1 u2 u3 u4 ]X
q2 Q#i�BM � `Qr@2+?2HQM 7Q`K U " r?B+? Bb `Qr 2[mBp�H2Mi iQ U ,

U =





2 1 2 −6
−1 2 1 7
3 −1 −3 −1
1 5 6 1
2 2 1 1



 −→ · · · · · · · · · −→ U " =





1 3 3 1
0 1 −1 7
0 0 1 3
0 0 0 4
0 0 0 0



.

h?2`2 Bb MQ 7`22 +QHmKM BM U "X
h?2`27Q`2 i?2 ?QKQ;2M2Qmb bvbi2K LS(U, 04) ?�b MQ MQM@i`BpB�H bQHmiBQMX
>2M+2 u1,u2,u3,u4 �`2 HBM2�`Hv BM/2T2M/2MiX

j



U/V G2i u1 =





2
−1
3
1
2



- u2 =





1
2
−1
5
2



- u3 =





2
1
−3
6
1



- u4 =





−6
7
−1
0
1



X

q2 r�Mi iQ /2i2`KBM2 r?2i?2` u1,u2,u3,u4 �`2 HBM2�`Hv /2T2M/2Mi Q` HBM2�`Hv BM/2T2M/2Mi- �M/ iQ r`Bi2 /QrM
� MQM@i`BpB�H `2H�iBQM �KQM;bi u1,u2,u3,u4 r?2M i?2v �`2 HBM2�`Hv /2T2M/2MiX
.2}M2 U = [ u1 u2 u3 u4 ]X
q2 Q#i�BM � `Qr@2+?2HQM 7Q`K U " r?B+? Bb `Qr 2[mBp�H2Mi iQ U ,

U =





2 1 2 −6
−1 2 1 7
3 −1 −3 −1
1 5 6 0
2 2 1 1



 −→ · · · · · · · · · −→ U " =





1 5 6 0
0 1 1 1
0 0 1 −3
0 0 0 0
0 0 0 0



.

LQi2 i?�i i?2 4@i? +QHmKM Q7 U " Bb � 7`22 +QHmKMX
h?2`27Q`2 LS(U, 04) ?�b bQK2 MQM@i`BpB�H bQHmiBQMX
>2M+2 u1,u2,u3,u4 �`2 HBM2�`Hv /2T2M/2MiX
Uq?�i Bb /QM2 M2ti Bb iQ Q#i�BM � MQM@i`BpB�H HBM2�` `2H�iBQM �KQM;bi i?2b2 p2+iQ`bXV
q2 7m`i?2` Q#i�BM 7`QK U " � `2/m+2/ `Qr@2+?2HQM 7Q`K U ′ r?B+? Bb `Qr@2[mBp�H2Mi iQ U ,

U −→ · · · · · · · · · −→ U " −→ · · · · · · · · · −→ U ′ =





1 0 0 −2
0 1 0 4
0 0 1 −3
0 0 0 0
0 0 0 0



.

U ′ Bb i?2 +Q2{+B2Mi K�i`Bt Q7 i?2 ?QKQ;2M2Qmb bvbi2K





x1 − 2x4 = 0
x2 + 4x4 = 0

x3 − 3x4 = 0
0 = 0
0 = 0

h?2`27Q`2 � MQM@i`BpB�H bQHmiBQM Q7 LS(U, 04) Bb ;Bp2M #v




2
−4
3
1



X

>2M+2 � MQM@i`BpB�H HBM2�` `2H�iBQM �KQM;bi u1,u2,u3,u4 Bb ;Bp2M #v 2u1 − 4u2 + 3u3 + 1 · u4 = 05X

U2V G2i u1 =





1
2
3
4
5



- u2 =





1
3
5
7
9



- u3 =





1
2
4
8
16



- u4 =





1
4
9
16
25



- u5 =





1
8
27
64
125



- u6 =





1
2
6
24
120



X

q2 r�Mi iQ /2i2`KBM2 r?2i?2` u1,u2,u3,u4,u5,u6 �`2 HBM2�`Hv /2T2M/2Mi Q` HBM2�`Hv BM/2T2M/2Mi- �M/ iQ
r`Bi2 /QrM � MQM@i`BpB�H `2H�iBQM �KQM;bi u1,u2,u3,u4,u5,u6 r?2M i?2v �`2 HBM2�`Hv /2T2M/2MiX
�b u1,u2,u3,u4,u5,u6 �`2 bBt +QHmKM p2+iQ`b 2�+? rBi? }p2 2Mi`B2b- i?2v �`2 HBM2�`Hv /2T2M/2MiX
Uq?�i Bb /QM2 M2ti Bb iQ Q#i�BM � MQM@i`BpB�H HBM2�` `2H�iBQM �KQM;bi i?2b2 p2+iQ`bXV
.2}M2 U = [ u1 u2 u3 u4 u5 u6 ]X
q2 Q#i�BM � `2/m+2/ `Qr@2+?2HQM 7Q`K U ′ r?B+? Bb `Qr 2[mBp�H2Mi iQ U ,

U =





1 1 1 1 1 1
2 3 2 4 8 2
3 5 4 9 27 6
4 7 8 16 64 24
5 9 16 25 125 120



 −→ · · · · · · · · · −→ U ′ =





1 0 0 0 0 −70
0 1 0 0 0 8
0 0 1 0 0 53
0 0 0 1 0 17
0 0 0 0 1 −7



.

U ′ Bb i?2 +Q2{+B2Mi K�i`Bt Q7 i?2 ?QKQ;2M2Qmb bvbi2K





x1 − 70x6 = 0
x2 + + 8x6 = 0

x3 + 53x6 = 0
x4 + 17x6 = 0

x5 − 7x6 = 0

9



h?2`27Q`2 � MQM@i`BpB�H bQHmiBQM Q7 LS(U, 04) Bb ;Bp2M #v





70
−8
−53
−17
7
1




X

>2M+2 � MQM@i`BpB�H HBM2�` `2H�iBQM �KQM;bi u1,u2,u3,u4,u5,u6 Bb ;Bp2M #v 70u1 − 8u2 +53u3 − 17u4 +7u5 +
1 · u6 = 05X

3X G2KK� (") �M/ h?2Q`2K URV ;Bp2 `Bb2 iQ i?2 `2bmHib #2HQr `2bT2+iBp2Hv- r?B+? +Qp2` i?2 bBim�iBQM 7Q` `Qr p2+iQ`bX
G2KK� ("∗)X

amTTQb2 w1,w2, · · · ,wp �`2 `Qr p2+iQ`b rBi? q 2Mi`B2b- �M/ W Bb i?2 (p× q)@K�i`Bt ;Bp2M #v W =





w1
w2
XXX

wp



 X

h?2M,ě

U�V h?2 bi�i2K2Mib (LD)- (LD∗)- (LD∗
0) �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

(LD) h?2 `Qr p2+iQ`b w1,w2, · · · ,wp �`2 HBM2�`Hv /2T2M/2MiX
(LD∗) h?2 +QHmKM p2+iQ`b wt

1,w
t
2, · · · ,wt

p �`2 HBM2�`Hv /2T2M/2MiX
(LD∗

0) h?2 ?QKQ;2M2Qmb bvbi2K LS(W t, 0q) ?�b bQK2 MQM@i`BpB�H bQHmiBQMX
U#V h?2 bi�i2K2Mib (LI)- (LI∗)- (LI∗0 ) �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

(LI) h?2 `Qr p2+iQ`b w1,w2, · · · ,wp �`2 HBM2�`Hv BM/2T2M/2MiX
(LI∗) h?2 +QHmKM p2+iQ`b wt

1,w
t
2, · · · ,wt

p �`2 HBM2�`Hv BM/2T2M/2MiX
(LI∗0 ) h?2 ?QKQ;2M2Qmb bvbi2K LS(W t, 0q) ?�b MQ MQM@i`BpB�H bQHmiBQMX

h?2Q`2K UR∗VX
amTTQb2 p > q- �M/ w1,w2, · · · ,wp �`2 `Qr p2+iQ`b rBi? q 2Mi`B2bX
h?2M w1,w2, · · · ,wp �`2 HBM2�`Hv /2T2M/2MiX

NX G2KK� ("∗) �M/ h?2Q`2K UR∗V BM7Q`K mb ?Qr r2 +�M �/�Ti i?2 �H;Q`Bi?K 7Q` /2i2`KBMBM; r?2i?2` bQK2 ;Bp2M
+QHmKM p2+iQ`b �`2 HBM2�`Hv /2T2M/2Mi Q` HBM2�`Hv BM/2T2M/2Mi 2i +2i2`� iQ i?2 bBim�iBQM Q7 `Qr p2+iQ`bX
1t�KTH2 UkVX UAHHmbi`�iBQMb QM i?2 �TTHB+�iBQM Q7 G2KK� ("∗) �M/ h?2Q`2K UR∗VX

U�V G2i w1 = [ 1 1 2 1 3 ]- w2 = [ 2 3 6 1 2 ]- w3 = [ 2 3 5 1 1 ]- w4 = [ 4 5 6 3 4 ]X
q2 r�Mi iQ /2i2`KBM2 r?2i?2` w1,w2,w3,w4 �`2 HBM2�`Hv /2T2M/2Mi Q` HBM2�`Hv BM/2T2M/2Mi- �M/ iQ r`Bi2
/QrM � MQM@i`BpB�H `2H�iBQM �KQM;bi w1,w2,w3,w4 r?2M i?2v �`2 HBM2�`Hv /2T2M/2MiX

.2}M2 W =




w1
w2
w3
w4



- �M/ r`Bi2 U = W tX

q2 Q#i�BM � `Qr@2+?2HQM 7Q`K U " r?B+? Bb `Qr@2[mBp�H2Mi iQ U ,

U =





1 2 2 4
1 3 3 5
2 6 5 6
1 1 1 3
3 2 1 4



 −→ · · · · · · · · · −→ U " =





1 2 2 4
0 1 1 1
0 0 1 4
0 0 0 0
0 0 0 0





LQi2 i?�i i?2 4@i? +QHmKM Q7 U " Bb � 7`22 +QHmKMX
h?2`27Q`2 LS(W t, 05) ?�b bQK2 MQM@i`BpB�H bQHmiBQMX
>2M+2 w1,w2,w3,w4 �`2 HBM2�`Hv /2T2M/2MiX
Uq?�i Bb /QM2 M2ti Bb iQ Q#i�BM � MQM@i`BpB�H HBM2�` `2H�iBQM �KQM;bi w1,w2,w3,w4XV
q2 Q#i�BM � `2/m+2/ `Qr@2+?2HQM 7Q`K U ′ r?B+? Bb `Qr@2[mBp�H2Mi iQ U ,

U −→ · · · · · · · · · −→ U " −→ · · · · · · · · · −→ U ′ =





1 0 0 2
0 1 0 −3
0 0 1 4
0 0 0 0
0 0 0 0





U ′ Bb i?2 +Q2{+B2Mi K�i`Bt Q7 i?2 ?QKQ;2M2Qmb bvbi2K
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




x1 + 2x4 = 0
x2 − 3x4 = 0

x3 + 4x4 = 0
0 = 0
0 = 0

� MQM@i`BpB�H bQHmiBQM Q7 LS(W t, 05) Bb ;Bp2M #v




−2
3
−4
1



X

>2M+2 � MQM@i`BpB�H HBM2�` `2H�iBQM �KQM;bi w1,w2,w3,w4 Bb ;Bp2M #v −2w1 + 3w2 − 4w3 + 1 ·w4 = 0t
5X

U>2`2 0t
5 bi�M/b 7Q` i?2 x2`Q p2+iQ` rBi? }p2 2Mi`B2bXV

U#V G2i w1 = [ 1 −1 3 2 1 ]- w2 = [ 2 −1 4 3 3 ]- w3 = [ −5 3 −10 −8 −4 ]-
w4 = [ 15 −9 31 25 13 ]X
q2 r�Mi iQ /2i2`KBM2 r?2i?2` w1,w2,w3,w4 �`2 HBM2�`Hv /2T2M/2Mi Q` HBM2�`Hv BM/2T2M/2Mi- �M/ iQ r`Bi2
/QrM � MQM@i`BpB�H `2H�iBQM �KQM;bi w1,w2,w3,w4 r?2M i?2v �`2 HBM2�`Hv /2T2M/2MiX

.2}M2 W =




w1
w2
w3
w4



- �M/ r`Bi2 U = W tX

q2 Q#i�BM � `Qr@2+?2HQM 7Q`K U " r?B+? Bb `Qr@2[mBp�H2Mi iQ U ,

U =





1 2 −5 15
−1 −1 3 −9
3 4 −10 31
2 3 −8 25
1 3 −4 13



 −→ · · · · · · · · · −→ U " =





1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0





h?2`2 Bb MQ 7`22 +QHmKM BM U "X
h?2`27Q`2 i?2 ?QKQ;2M2Qmb bvbi2K LS(W t, 05) ?�b MQ MQM@i`BpB�H bQHmiBQMX
>2M+2 w1,w2,w3,w4 �`2 HBM2�`Hv BM/2T2M/2MiX

U+V G2i w1 = [ 1 0 1 0 1 ]- w2 = [ 0 1 1 1 0 ]- w3 = [ 1 1 0 1 1 ]- w4 = [ 1 0 −1 1 −1 ]-
w5 = [ 0 4 6 2 4 ]X
q2 r�Mi iQ /2i2`KBM2 r?2i?2` w1,w2,w3,w4,w5 �`2 HBM2�`Hv /2T2M/2Mi Q` HBM2�`Hv BM/2T2M/2Mi- �M/ iQ r`Bi2
/QrM � MQM@i`BpB�H `2H�iBQM �KQM;bi w1,w2,w3,w4,w5 r?2M i?2v �`2 HBM2�`Hv /2T2M/2MiX

.2}M2 W =





w1
w2
w3
w4
w5



- �M/ r`Bi2 U = W tX

q2 Q#i�BM � `Qr@2+?2HQM 7Q`K U " r?B+? Bb `Qr@2[mBp�H2Mi iQ U ,

U =





1 0 1 1 0
0 1 1 0 4
1 1 0 −1 6
0 1 1 1 2
1 0 1 −1 4



 −→ · · · · · · · · · −→ U " =





1 0 1 1 0
0 1 1 0 4
0 0 1 1 −1
0 0 0 1 −2
0 0 0 0 0





LQi2 i?�i i?2 5@i? +QHmKM Q7 U " Bb � 7`22 +QHmKMX
h?2`27Q`2 LS(W t, 05) ?�b bQK2 MQM@i`BpB�H bQHmiBQMX
>2M+2 w1,w2,w3,w4,w5 �`2 HBM2�`Hv /2T2M/2MiX
Uq?�i Bb /QM2 M2ti Bb iQ Q#i�BM � MQM@i`BpB�H HBM2�` `2H�iBQM �KQM;bi w1,w2,w3,w4,w5XV
q2 Q#i�BM � `2/m+2/ `Qr@2+?2HQM 7Q`K U ′ r?B+? Bb `Qr@2[mBp�H2Mi iQ U ,

U −→ · · · · · · · · · −→ U " −→ · · · · · · · · · −→ U ′ =





1 0 0 0 1
0 1 0 0 3
0 0 1 0 1
0 0 0 1 −2
0 0 0 0 0





U ′ Bb i?2 +Q2{+B2Mi K�i`Bt Q7 i?2 ?QKQ;2M2Qmb bvbi2K





x1 + x5 = 0
x2 + 3x5 = 0

x3 + x5 = 0
x4 − 2x5 = 0

0 = 0

e



� MQM@i`BpB�H bQHmiBQM Q7 LS(W t, 05) Bb ;Bp2M #v





−1
−3
−1
2
1



X

>2M+2 � MQM@i`BpB�H HBM2�` `2H�iBQM �KQM;bi w1,w2,w3,w4,w5 Bb ;Bp2M #v −w1−3w2−w3+2w4+1 ·w5 = 0t
5X

U>2`2 05
t bi�M/b 7Q` i?2 x2`Q p2+iQ` rBi? }p2 2Mi`B2bXV

d


